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ON THE MOD-ℓ HOMOLOGY OF THE CLASSIFYING SPACE FOR
COMMUTATIVITY
CI˙HAN OKAY AND BEN WILLIAMS
Abstract. We study the mod-ℓ homotopy type of classifying spaces for commutativity,
B(Z, G), at a prime ℓ. We show that the mod-ℓ homology of B(Z, G) depends on the mod-ℓ
homotopy type of BG when G is a compact connected Lie group, in the sense that a mod-ℓ
homology isomorphism BG→ BH for such groups induces a mod-ℓ homology isomorphism
B(Z, G) → B(Z, H). In order to prove this result, we study a presentation of B(Z, G) as
a homotopy colimit over a topological poset of closed abelian subgroups, expanding on an
idea of Adem and Go´mez. We also study the relationship between the mod-ℓ type of a Lie
group G(C) and the locally finite group G(F¯p) where G is a Chevalley group. We see that
the na¨ıve analogue for B(Z, G) of the celebrated Friedlander–Mislin result cannot hold, but
we show that it does hold after taking the homotopy quotient of a G action on B(Z, G).
1. Introduction
Suppose G is a topological group. Following [3], it is possible to define a space Bcom(G) or
B(Z, G), a realization of a bar construction after the fashion of BG, but where the space of
n-simplices consists only of n-tuples of pairwise commuting elements of G. This construction
and its variations are first introduced in [1], and further studied in [3, 2, 15, 27] when G is
a compact (connected) Lie group; whereas the finite group case is considered in [24, 25, 26].
The construction of B(Z, G) is part of a family of constructions: given a topological group
G and a cosimplicial group τ •, finitely generated in each degree, one may form a simplicial
space B(τ, G)•, having Hom(τ
n, G) in the n-th degree, and then realize to form B(τ, G).
There exists a cosimplicial group F •, free of rank n in degree n, for which B(F,G) is the
usual bar construction of BG. Replacing F • by its abelianization yields Z• and B(Z, G).
For any integer m, one may reduce further to produce B(Z/m,G), which plays an important
auxiliary role in this paper. That is, this the analogue of BG one obtains by restricting
attention to n-tuples of elements of G, each of which commutes with each of the others and
each of which has order at most m.
This paper arose from our attempt to understand the mod-ℓ homology of B(Z, G) for a
prime ℓ where G is a compact Lie group. We establish that when π0(G) is an ℓ-group, the
mod-ℓ homotopy type of B(Z, G) depends only on the mod-ℓ homotopy type of BG. This
appears as Corollary 6.2.
One would also like to know whether there is a result in the spirit of Friedlander–Mislin
for B(Z, G). That is, let G be a Chevalley group, and consider the two associated groups
G(F¯p) and G(C). The former is a locally finite group, and the latter is a Lie group. We wish
to compare the spaces B(Z, G(F¯p)) and B(Z, G(C)). There is a zigzag of maps of spaces
ϕ : B(Z, G(F¯p))↔ B(Z, G(C)). (1.0.1)
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We show that in general, this map is not a mod-ℓ equivalence—here ℓ is a prime different
from p. The failure here is for substantive. One can produce B(Z, G) as a colimit over a
topological poset of BAs, where the As range over some cofinal family of abelian subgroups
of G. In saying this is a topological poset, we mean that the sets of objects and of inclusions
appearing carry a topology. For example, any Lie group G has an associated space of
maximal tori, not merely a discrete set of such tori. In the colimit construction of B(Z, G),
it is not sufficient to consider the set of tori, the topology of the parametrizing space plays
an important role.
While a Friedlander–Milnor result holds for abelian groups, so that
ϕ : BA(F¯p) = B(Z, A(F¯p))↔ B(Z, A(C)) = BA(C)
is a mod-ℓ equivalence, it is not possible to promote this to a mod-ℓ equivalence in (1.0.1),
because on the right hand side, the topology of the space of abelian subgroups intervenes
in a significant way. On the right, the collection of subgroups does not carry a comparable
topology. In Example 6.8, we show that B(Z,GL2(F¯p)) and B(Z, U(2)) are not equivalent
modulo ℓ.
The topologies on spaces of abelian subgroups of compact Lie groups arise essentially as
a consequence of the continuous conjugation action of the group on itself. From this point
of view, it is not perhaps wholly surprising that when we take a Borel construction, i.e., we
pass to homotopy orbits, for the conjugation action of G on B(Z, G), the problem caused by
the innate topology on the poset of abelian subgroups disappears, and we are left with the
content of Theorem 6.7: there is a mod-ℓ equivalence in the spirit of (1.0.1), but only after
taking homotopy orbits. That is, there is a zigzag of mod-ℓ equivalences
ϕ′ : EG(F¯p)×G(F¯p) (B(Z, G(F¯p))↔ EG(C)×G(C) B(Z, G(C)).
2. Preliminaries
Realization of simplicial spaces. Throughout this paper, the term “simplicial space”
will be taken to encompass “simplicial set” by endowing the sets concerned with the discrete
topology. Given a simplicial space X , we will often make use of the fat realization, ||X||. This
construction is similar to the usual realization, |X|, except that the degeneracy maps are
disregarded in the identification. Collapsing the degeneracies gives a natural map ||X|| →
|X|. This map is a homotopy equivalence when the simplicial space is good, viz, when
the degeneracy maps si : Xn−1 → Xn are closed cofibrations in the sense of Hurewicz,
[29, Proposition A1]. Fat realization is a homotopy colimit, and therefore a levelwise weak
equivalence X → Y induces a weak equivalence between the fat realizations.
Mod-ℓ equivalences. The topological spaces appearing in the sequel will have the homo-
topy types of CW complexes unless otherwise noted—which is to say that they are not too
poorly behaved. We will work throughout with spaces X that are not nilpotent, that is, the
structure of π1(X, x0) and the action of this group on the higher homotopy groups of the
space may be complicated.
Fix a nonnegative integer ℓ, generally a prime number. Write Z/ℓ for the ring of integers
modulo ℓ.
Definition 2.1. We will say that a map f : X → Y of spaces is a mod-ℓ equivalence if any
of the following equivalent conditions is met
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(1) f∗ : H∗(X,Z/ℓ)→ H∗(Y,Z/ℓ) is an isomorphism;
(2) f ∗ : H∗(Y,M)→ H∗(X,M) is an isomorphism for any ℓ-complete abelian group M
(3) The Bousfield–Kan ℓ-completion f∧ℓ : X
∧
ℓ → Y ∧ℓ is a weak equivalence.
The equivalence of these conditions follows from [5, Lemma I.5.5] and [22, Chapter 10.1].
Definition 2.2. We will say that a map f : X → Y of spaces is a strong mod-ℓ equivalence
(see [9]) if the following conditions all hold:
(1) f∗ : π0(X)→ π0(Y ) is an isomorphism, and
(2) for any choice of basepoint x ∈ X , the map f∗ : π1(X, x) → π1(Y, f(x)) is an
isomorphism, and
(3) for any choice of basepoint x, any of the evident maps f˜ : X˜x → Y˜f(x) from the
universal cover of the component of x to the universal cover of the component of
f(x) is a mod-ℓ equivalence.
Simplicial spaces of homomorphisms. Let τ be a finitely generated discrete group. For
a topological group G the space of homomorphisms can be topologized as a subspace
Hom(τ, G) ⊂
∏
g(τ)
G
where g(τ) denotes a set of generators. When G is an affine algebraic group, Hom(τ, G) has
the structure of an affine variety, [32, Lemma 2.2]
Given a cosimplicial group τ •, the spaces of homomorphisms in each simplicial degree fit
together to produce a simplicial space
Hom(τ •, G),
the structure maps being induced from the structure maps of the cosimplicial group. If τ •
is finitely generated in each degree, we produce in this way a simplicial topological space.
Proposition 2.3. Let G be an affine algebraic group defined over k = R or C. Then the
simplicial space Hom(τ •, G(k)) is good.
Proof. The degeneracy maps are induced by surjective homomorphisms si : τn → τn−1. By
[21, Proposition 1.7] the induced map
si : Hom(τ
n−1, G)→ Hom(τn, G)
is a closed immersion. The triangulation theorem of [16] implies that the target space
Hom(τn, G) has the structure of a CW complex such that si is the inclusion of a subcomplex.
It follows that the degeneracy maps are closed cofibrations. 
Definition 2.4. For a cosimplicial group τ • and a topological group G we define
B(τ, G) = |Hom(τ •, G)|.
When G is an affine algebraic group over C (or R), up to homotopy we can use the fat
realization as a consequence of Proposition 2.3.
It is also useful to work at a connected component. Let θ : τ → G denote a fixed
homomorphism. The component of the homomorphism space containing θ is denoted by
Hom(τ, G)θ. In the simplicial context we can consider θ : τ
• → G, a homomorphism of
simplicial groups where G is given the trivial simplicial structure. We can define B(τ, G)θ
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to be the geometric realization of the simplicial space Hom(τ •, G)θ. Among all components
of Hom(τ, G), there is a distinguished component: Hom(τ, G)1, the component of the trivial
homomorphism.
Let ∆ denote the simplicial category, that is, the category having objects consisting of
finite sets [n] = {0, . . . , n} and where the morphisms are order preserving functions. Let ∆•
denote the standard cosimplicial simplicial set, where ∆n is the usual n-simplex. There exists
a standard reduced cosimplicial simplicial set ∆˜•, where ∆˜n = ∆n/(∆n0 ), i.e., the simplicial
set obtained by identifying all vertices of ∆n to a basepoint ∗. We define the reduced free
cosimplicial group F • to be π1(∆˜
•, ∗). For any abelian group A we define the reduced free
abelian cosimplicial group with coefficients in A, denoted A•, by An = H1(∆˜
n, A). The
reduced free abelian cosimplicial group, Z•, is used in the case of Z.
The definitions above have the advantage of being clearly functorial, but the disadvantage
of being indirect. Since the present paper relies heavily on these cosimplicial constructions,
we illustrate how they work out in practice. Consider the case of A = Z, and fix a degree n.
For each pair of integers i, j satisfying 0 ≤ i ≤ j ≤ n, we name symbols ei→j , and let Z[n]
denote the quotient of the free abelian group generated by symbols {ei→j}i,j subject to the
relations ei→j + ej→k = ei→k. We remark that ei→i is identified with 0, but we nonetheless
name ei→i as a technical convenience. There is a canonical isomorphism Z[n] ∼= H1(∆˜n,Z),
the element ei→j mapping to the cycle corresponding to the edge i → j. In the case where
i = j, this edge is degenerate and ei→i = 0. The relations on the cycles imposed by the
higher cell structure of |∆˜n| amount to ei→j + ej→k = ei→k. Therefore the n-th level of Z• is
canonically isomorphic to Z[n] ∼= Zn.
It is possible to describe the cosimplicial structure of Z• without difficulty in this language.
Let f : [n] → [m] be an order-preserving map, and consider ei→j ∈ Z[n], then f∗(ei→j) =
ef(i)→f(j). In particular, fixing the ordered basis {e0→1, e1→2, . . . , en−1→n} for each Z[n], the
coface maps are given by
δi(a1, . . . , an) =


(0, a1, . . . , an) if i = 0,
(a1, . . . , ai, ai, . . . , an) if 0 < i < n + 1,
(a1, . . . , an, 0) if i = n+ 1.
For the codegeneracy maps:
σi(a1, . . . , an) = (a1, . . . , aˆi, . . . an), where aˆi denotes omission.
The above explicit construction apply with the evident modification in the case of the
cosimplicial group (Z/m)•. In the case of F •, the same is also true with the caveat that
the groups concerned are not abelian, and so care must be taken in the ordering of terms.
Using the Hurewicz and Universal-Coefficient theorems, one obtains canonical surjections of
cosimplicial groups
F • → Z• → (Z/m)•. (2.4.1)
Given any cosimplicial group τ • that is finitely generated in each degree and any topological
group G, one may form a simplicial space of maps Hom(τ •, G), which in degree n is the
space of homomorphisms Hom(τn, G)—since the group τn is finitely generated, this may be
topologized as a subspace of G×N for some large N . If τ • happens to be the reduced free
cosimplicial group, F •—without the abelian condition—then Hom(τn, G) can be identified
as G×n, the set of n-tuples of elements in G, and the construction B(τ, G) recovers a familiar
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construction of the classifying space BG of the group G. When Z• is taken, B(Z, G) is the
realization of the subobject of BG• obtained by restricting to n-tuples of pairwise commuting
elements in each degree, and B(Z/m,G) is the realization of the further-restricted subobject
where all group elements appearing must moreover be m-torsion. The surjections in 2.4.1
yield inclusions of spaces
B(Z/m,G)→ B(Z, G)→ B(F,G) = BG.
3. B(Z, G) as a homotopy colimit
Let B(Z, G)1 denote the geometric realization of the simplicial space Hom(Z
•, G)1 of path-
connected components of homomorphism spaces at the trivial homomorphism 1 : Zn → G.
For compact connected Lie groups a homotopy colimit decomposition for B(Z, G)1 is given
in [3]. The goal of this section is to generalize this to a homotopy colimit decomposition for
the full space B(Z, G) where G is a compact Lie group, not necessarily connected.
Homotopy colimits. Let A be a category internal to the category of topological spaces,
i.e., a topological category in the language of [4]. We will denote the space of objects and space
of morphisms by ob(A) and mor(A) respectively. The identity map i : ob(A) → mor(A),
the source and the target maps s, t : mor(A) → ob(A), and the composition map are all
continuous. Functors between two topological categories are called internal functors.
There is also the concept of a space carrying a A-action, called a A–module. A left A–
module is a space X together with a map fX : X → ob(A) and an action map mor(A)×ob(A)
X → X that is unital and associative in the evident sense, [18]. A morphism of left A–
modules is a continuous map X → X ′ respecting the action of A.
There is also a notion of right A–module defined in the obvious way. We usually denote
a left A–module as a functor X : A → Top, and a right A–module as Y : Aop → Top.
Under this correspondence the preimage f−1X (a) is regarded as the value X(a) of the functor
at a ∈ ob(A), similarly for the contravariant functor Y . Given a left A–module X and a
right A–module Y we can define a simplicial space
B(Y,A, X)n = Y ×ob(A) ×mor(A)×ob(A) · · · ×ob(A) mor(A)︸ ︷︷ ︸
n
×ob(A)X
with the usual face and degeneracy maps. The geometric realization of this space is called the
bar construction and will be denoted by B(Y,A, X). The homotopy colimit of the module
X is constructed as B(∗,A, X) where ∗ : A→ Top is the constant functor. When X is also
the constant functor ∗ we write B(A) instead of B(∗,A, ∗).
Remark 3.1. We shall assume that the topological categories we consider satisfy the prop-
erty that the identity map i : ob(A) → mor(A) is a closed cofibration over ob(A)× ob(A)
with respect to the diagonal map and the source-target map s× t. This guarantees that the
simplicial space B(Y,A, X) is proper (see [23, Rem. 2.3] or [20, Def. A.1]).
Given an internal functor F : A′ → A the undercategory a ↓ F , i.e., the category in which
the objects are pairs x ∈ ob(A′) and f : a→ F (x) ∈ mor(A). This is a topological category
in an evident way: the space of objects is a subspace of ob(A′)×mor(A), and the space of
morphisms inherits a topology from mor(A′). We say F is cofinal if B(a ↓ F ) is contractible
for all a ∈ ob(A). We will refer to the next result quite often.
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Proposition 3.2. [20, Lemma A.5] Let X be a A-module and F : A′ → A be a cofinal
functor. Then the map
hocolim
A′
X ◦ F → hocolim
A
X
is a homotopy equivalence.
We introduce some notation as a preparation for our main result concerning homotopy
colimits. We remind the reader that ∆ denotes the category having as objects the finite
sets [n] = {0, 1, . . . , n} and where the morphisms are order-preserving maps. The category
Cat is the category of small categories. There is a functor ∆• :∆→ Cat sending [n] to the
category 0→ 1→ · · · → n.
Definition 3.3. Given a small category C, the overcategory ∆• ↓ C is described as follows:
• The objects of ∆• ↓ C consist of pairs ([k], σ : [k]→ C).
• The morphisms ([k0], σ0) → ([k1], σ1) are order-preserving maps θ : [k1] → [k0] such
that σ1 = σ0θ.
There is a forgetful functor U : ∆• ↓ C→∆op.
Recall that A is a topological category. Let X be a left A–module. Let C be a small
category, regarded as a topological category by giving the sets of objects and morphisms the
discrete topology. Let ρ : A→ C be an internal functor. We may define a functor
ρ∗X : ∆
• ↓ C→ Top
as follows.
There is a composite map
X˜k : B(∗,A, X)k → B(∗,A, ∗)k Bρ→ B(∗,C, ∗)k,
here B(∗,C, ∗)k is the set of functors σ : [k] → C, and therefore any such functor σ has a
preimage X˜−1k (σ) ⊂ B(∗,A, X)k. We define
ρ∗X(σ) = X˜
−1
k (σ). (3.3.1)
Explicitly, if σ is the data of a sequence c0 → c1 → · · · → ck of maps in C, then
ρ∗X(σ) = {(a0 → · · · → ak, x)| ρ(ai) = ci and x ∈ X(a0)}
with the subspace topology induced from B(∗,A, X)k. Given a morphism ([k0], σ0) →
([k1], σ1) induced by an ordinal map θ : [k1] → [k0] the functor ρ∗X sends the pair (a0 →
a1 · · · → ak0 , x) where x ∈ X(a0) to the pair (aθ(0) → aθ(1) · · · → aθ(k1), X(α)(x)) where
X(α) : X(a0)→ X(aθ(0)) is induced by the composite map α : a0 → aθ(0).
Our main observation is the following result.
Theorem 3.4. Let A be a topological category and C be a discrete category. Suppose we
are given a diagram
A Top
C
ρ
X
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consisting of an A-module X and an internal functor ρ. Then there is a natural homotopy
equivalence
hocolim
∆•↓C
ρ∗X → hocolim
A
X.
The virtue of this theorem is that the homotopy colimit over a topological category is
replaced by a homotopy colimit over a discrete category.
The proof is broken into two lemmas.
Lemma 3.5. There is a natural homotopy equivalence
B(∗,∆op, B(∗,A, X)•)→ B(∗,A, X).
Proof. This map is given by the Bousfield–Kan map B(∗,∆op,−) → | − |. Under the cofi-
brancy assumption on A given in Remark 3.1 the bar construction B(∗,A, X)• is a proper
simplicial space. Recall from [30] that there is a Strøm model structure on the category of
topological spaces, for which the fibrations are the Hurewicz fibrations, the cofibrations are
the closed Hurewicz cofibrations and where the weak equivalences are homotopy equivalences
in the usual sense.
When we use the Strøm model structure on the category of topological spaces the Reedy
cofibrant simplicial objects coincide with proper simplicial spaces. The Bousfield–Kan map
is a natural weak equivalence for Reedy cofibrant simplicial objects [17, Theorem 18.7.4].

A functor σ : [n]→ ∆• ↓ C consists of a sequence σ0 → · · · → σn of functors σi : [ki]→ C
together with ordinal maps θi : [ki+1] → [ki] such that σi+1 = σiθi. Observe that σ is
determined by σ0 and the ordinal maps θi for 0 ≤ i ≤ n− 1.
For n ≥ 0 we define a map
βn :
∐
σ:[n]→∆•↓C
ρ∗X(σ0)→
∐
σ′:[n]→∆op
B(∗,A, X)σ′(0)
induced by the inclusion ρ∗X(σ0) ⊂ B(∗,A, X)k0 at the term corresponding to σ. Let β
denote the map |β•|.
Lemma 3.6. There is a natural homeomorphism
β : B(∗,∆• ↓ C, ρ∗X)→ B(∗,∆op, B(∗,A, X)•).
Proof. For a fixed σ′ given by the sequence of ordinal maps [l0]← [l1]← · · · ← [ln] consider
the preimage of B(∗,A, X)l0 under βn. Since σ is determined by σ0 and the sequence of
ordinal maps θi the restriction of βn to the preimage is given by∐
γ:[l0]→C
X˜−1l0 (γ)→ B(∗,A, X)l0
which is a homeomorphism by the definition of X˜l0 . 
Example 3.7. A special case of Theorem 3.4 that occurs often in the sequel is the following
simple situation. Suppose we have two spaces A0 and A1 of objects, and a space of nontrivial
morphisms M from A0 to A1, i.e., the set M is equipped with a source map s : M → A0
and a target map t : M → A1. We package this all as a topological category A by setting
A0 ∐ A1 to be the space of objects and M ∐ A0 ∐ A1 the set of morphisms, with A0 ∐ A1
comprising the identity maps.
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This topological category is a topologized version of the discrete category [1] = (0 → 1),
and is equipped with an obvious internal functor ρ : A→ [1], sending Ai 7→ i and M to the
non-identity morphism.
An A-module X amounts to two spaces X0 and X1, each equipped with a map Xi → Ai,
and such that there is a map M ×A0 X0 → X1.
We might wish to calculate hocolim
A
X , and to do so, we use Theorem 3.4. According to
the theorem, we should calculate a homotopy colimit of an infinite diagram, the image of a
functor on ∆• ↓ [1], but it will turn out that almost all terms in this diagram are degenerate
and can be disregarded.
The objects of the category ∆• ↓ [1] are the functors [k]→ [1], and the integer k gives an
obvious grading on these objects. In degree 0 there are two objects, corresponding to the
two functors f0, f1 : [0]→ [1], the first with image 0 and the second with image 1. To these
we associate ρ∗(X)(f0) = X0 and ρ∗(X)(f1) = X1.
In degree 1, there are three objects: the identity map id[1] : [1] → [1] and two degenerate
maps s0, s1 : [1] → [1]. To the nondegenerate map, we associate ρ∗(X)(id[1]) = M ×A0 X0.
To the degenerate map s0 at 0 we associate A0 ×A0 X0 ≈ X0 and to the degenerate map s1
at 1 we associate A1 ×A1 X1 ≈ X1—in each case Ai is serving both as the space of objects
and of morphisms. Up to degree 1, then, the diagram ρ∗(X) : ∆
≤1 ↓ [1]→ Top is given by
X0
∼=
  ❇
❇❇
❇❇
❇❇
❇
∼=   ❇
❇❇
❇❇
❇❇
❇
M ×A0 X0
%%❏
❏❏
❏❏
❏❏
❏❏
❏
yytt
tt
tt
tt
tt
X1
∼=~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
∼=
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
X0 X1
The maps Xi → Xi are identity maps, the map M ×A0 X0 → X0 is projection and the map
M ×A0 X0 → X1 is the map demanded by the A-module structure on X .
In higher degrees, d ≥ 2, all objects appearing are degenerate, which is to say, of the
form (a0 → · · · → ak, x) where at least one arrow appearing is an identity arrow. In the
diagram, all maps emanating from degenerate objects are identity maps, and these objects
may therefore safely be disregarded when calculating the homotopy colimit. In summary,
the original topological homotopy colimit is equivalent to the discrete homotopy colimit of
the diagram
M ×A0 X0 //

X1
X0
We remark that it is not in principle difficult to generalize this example to the case of a
topological directed category, e.g., one modelled on 0→ 1→ · · · → n rather than simply on
0 → 1, but the extra bookkeeping required means that the general case does not serve so
well as an example.
Poset of abelian subgroups. Let G be a compact Lie group. Let A(G) denote the poset of
all closed abelian subgroups of G, partially ordered by inclusion. We topologize A(G) by the
Chabauty topology. In general, this is one of two obvious choices for a topology on A(G), the
other being the finite topology. For compact groups the topologies coincide, see [6]. In the
Chabauty topology, A(G) is a compact Hausdorff space for which conjugation is continuous.
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We work more generally with a subcollection A ⊂ A(G) closed under conjugation and taking
intersections. We say A is cofinal in A(G) if the inclusion functor A → A(G) is a cofinal
internal functor.
Let A¯ denote the set of conjugacy classes of subgroups in A under the conjugation action
by G. We give A¯ the quotient topology induced from A. We regard A¯ as a poset and write
[A] → [B] whenever A is conjugate to a subgroup of B. Identifying conjugate subgroups
gives an internal functor
ρ : A → A¯.
Let τ • be a cosimplicial group that is a finitely generated abelian group in each degree.
We define a left A–module B(τ,−) : A → Top by defining the space of B(τ,−) as⋃
A∈ob(A)
B(τ, A)
given the subspace topology as a subspace of ob(A)×BG. The action of mor(A) on B(τ,−)
is on the first coordinate.
Associated to this module there is a functor ρ∗B(τ,−) : ∆• ↓ A¯ → Top, which sends
σ¯ : [k]→ A¯ to the preimage under the map
B(∗,A, B(τ,−))• → B(A¯)•
as defined in (3.3.1), where the role of X is played by B(τ,−).
The following theorem allows one to calculate B(Z, G) by means of a homotopy colimit
over a discrete category. The idea is essentially due to [3, Section 5] where G is assumed to
be connected.
Proposition 3.8. Let G be a compact Lie group and A be a subcollection of A(G) closed
under conjugation and taking intersections. Suppose that the topological poset A is cofinal
in A(G) and the quotient A¯ is a discrete category. Then the natural map
hocolim
∆•↓A¯
ρ∗B(τ,−)→ B(τ, G)
is a weak equivalence.
Proof. We apply Theorem 3.4 with X = B(τ,−) to obtain a homotopy equivalence
hocolim
∆•↓A¯
ρ∗B(τ,−)→ hocolim
A
B(τ,−).
It suffices to show that
B(∗,A, B(τ,−))→ B(τ, G) (3.8.1)
is a weak equivalence. Let A denote the topological category given by the Grothendieck
construction of B(τ,−), and let A′ be the topological category with object space B(τ, G)
and only identity morphisms. The object space of A consists of pairs (A, x) where A ∈ A
and x ∈ B(τ, A) topologized as a subspace of ob(A) × BG. Morphisms (A, x) → (A′, x′)
are given by morphisms φ : A → A′ in A such that φ(x) = x′. This is a natural subspace
of mor(A)× BG. There is an internal functor F : A → A′ such that BF can be identified
with the map in (3.8.1). Proposition 3.2 finishes the proof provided we can show that F is
cofinal.
The undercategory x ↓ F for an element x ∈ B(τ, G) consists of pairs (A, x) such that
B(τ, A) contains x. Since A is closed under intersections, the category x ↓ F has an initial
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element. In the topological context the map ob(x ↓ F )→ mor(x ↓ F ) which sends an object
to the unique morphism from the initial object is required to be continuous, [20]. This
condition is automatically satisfied for topological posets. Thus B(x ↓ F ) is contractible.

Next we show how to construct a subcollection with the desired properties. Fix an em-
bedding ι : G → U(n) into a unitary group. Let T denote the set of all intersections of
maximal tori in U(n). We define a collection of subgroups
Aι = {G ∩ S| S ∈ T } ⊂ A(G).
Let A¯ι denote the set of conjugacy classes of subgroups in Aι under the conjugation action
by G. We will usually drop the embedding from the notation and simply denote these posets
by A and A¯.
The conjugation action of G on A extends in the obvious way to functors σ : [k] → A.
This action is continuous with respect to the topology on B(A)k. Let N(σ) denote the
stabilizer of σ under the G-action.
Lemma 3.9. The quotient space B(A)k/G is a finite set with discrete topology. In particular,
A¯ is finite.
Proof. Let d0 : BAk → BAk−1 denote the map which forgets the first subgroup in a simplex.
Consider the pullback
A ↓ A1 BAk
{σ} BAk−1
d0
along a simplex σ given by A1 → · · · → Ak. First we will show that A¯ is finite (k = 0
case) and do induction on k. Then from the diagram we see that it suffices to show that
(A ↓ A1)/N(σ) is finite since by the induction step (BAk−1)/G is finite. Both of these claims
follow from the general fact: Let H ⊂ G be a closed subgroup. If a collection of subgroups
of H falls into finitely many G-conjugacy classes then the set of H-conjugacy classes is also
finite, see [28, Lemma 6.3]. For the base case we apply this to the inclusion G ⊂ U(n)
and use the fact that T /U(n) is finite ([3, Theorem 5.4]). Next we consider the inclusion
N(σ) ⊂ G and the collection A ↓ A1. We conclude that (BAk)/G is finite as a set. Note
that being a quotient of a Hausdorff space by a compact group action this set has discrete
topology. 
We identify
A =
∐
[A]∈A¯
G/NA.
Since the right hand side is a topological space, we may declare A to be a topological poset
with this space of objects and where the space of morphisms consists of the subspace of
A × A of pairs (A1, A2) where A1 ⊆ A2. We observe that the topology on A is compact
and Hausdorff. Moreover, this topology coincides with the subspace topology induced from
A(G).
Remark 3.10. In particular, the identity map i : ob(A)→ mor(A) satisfies the cofibration
condition in Remark 3.1.
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Next we give an explicit description of the functor ρ∗B(τ,−) with respect to a fixed
embedding ι : G→ U(n).
The reduction functor ρ induces a functor between the k–simplices
B(ρ)k : B(A)k → B(A¯)k
of the classifying spaces. Let Q(σ¯) denote the preimage B(ρ)−1k (σ¯) of a k–simplex σ¯.
The functor ρ∗B(τ,−) : ∆• ↓ A¯ → Top sends a simplex σ¯ to the space
ρ∗B(τ, σ¯) =
⋃
σ∈Q(σ¯)
B(τ, σ(0))
(see 3.3.1). Let σ be a simplex in the preimage Q(σ¯). There is a map
G× B(τ, σ(0))→ ρ∗B(τ, σ¯) (3.10.1)
defined by conjugation (g, x) 7→ gxg−1. The stabilizer group N(σ) acts on G×B(τ, σ(0)) by
n(g, x) = (gn−1, nxn−1). The conjugation map (3.10.1) is equivariant with respect to this
action, and it factors through the quotient by the action of N(σ).
Lemma 3.11. The conjugation map∐
[σ]∈Q(σ¯)/G
G×N(σ) B(τ, σ(0))→ ρ∗B(τ, σ¯)
is a homeomorphism for all σ¯, and Q(σ¯)/G is a finite set.
Proof. As a consequence of Lemma 3.9 the quotient space Q(σ¯)/G is a finite set. Note that
there is a continuous surjective map q : ρ∗B(τ, σ¯) → Q(σ¯). We can compose this with
the quotient map Q(σ¯) → Q(σ¯)/G to obtain the map q¯ : ρ∗B(τ, σ¯) → Q(σ¯)/G. Therefore
it suffices to show that each factor of the disjoint union maps homeomorphically onto the
corresponding component of ρ∗B(τ, σ¯) over a point [σ]. In details, the restriction of q to this
component gives us an equivariant map q¯−1[σ]→ G/N(σ). Now the result follows from the
general fact that for a G-space X together with a G-map f : X → G/H the natural map
G×H f−1(H)→ X is a homeomorphism. 
Combining Proposition 3.8 with Lemma 3.9 we obtain the main result of this section.
Theorem 3.12. Let G be a compact Lie group and let τ be a cosimplicial group such that
τn is a finitely generated abelian group for all n ≥ 0. Fix an embedding ι : G → U(n) and
let A¯ denote the set of G conjugacy classes of closed abelian subgroups given by intersecting
G with intersections of maximal tori of U(n). The natural map
hocolim
∆•↓A¯
ρ∗B(τ,−)→ B(τ, G)
is a weak equivalence.
Remark 3.13. Proposition 3.8 also holds for the functor Hom(τn,−) : A → Top. Thus we
have a similar homotopy colimit decomposition for the homomorphism spaces which gives
us a weak equivalence
hocolim
∆•↓A¯
ρ∗Hom(τ
n,−)→ Hom(τn, G).
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4. Mod-ℓ homology of B(Z, G)
Fix a prime ℓ. Suppose A is a compact abelian Lie group and let Aℓ denote the ℓ-primary
torsion subgroup of A. It is the case that BAℓ → BA is a mod-ℓ equivalence. The proof of
this fact is elementary when A is finite, and follows from the Milnor conjecture for U(1). The
general case follows from these two cases without difficulty. In this section, we generalize
this observation to two classes of group: compact Lie groups and locally finite groups. That
is, if G is a group of either of these two classes, then we establish that the natural map
colim
k→∞
B(Z/ℓk, G)→ B(Z, G) (4.0.1)
is a mod-ℓ equivalence. The case of finite G already appears in [24, Theorem 3.4]
As an example we consider the double cover map R : SU(2) → SO(3). By explicit
calculation we show that R induces a mod-ℓ equivalence
B(Z, SU(2))→ B(Z, SO(3))
for all ℓ > 2, which is expected as a consequence of the ℓk-torsion abelian subgroup structures
of the underlying compact Lie groups.
Mod-ℓ homology. We will use the homotopy colimit description given in Theorem 3.12 to
describe the mod-ℓ homology of B(Z, G). First we rewrite the colimit that appears in (4.0.1)
in a more appealing way.
Let Zℓ denote the additive group of ℓ-adic integers. This group has the profinite topology.
Given a Lie group G we can consider the set of continuous homomorphisms Hom(Zℓ, G) in
the category of topological groups.
Lemma 4.1. Let G be a Lie group or a discrete group. Then there is a natural bijection
colim
k
Hom((Z/ℓk)n, G)→ Hom((Zℓ)n, G)
for all n ≥ 0.
Proof. This statement holds for any profinite group, and follows from the fact that Lie groups
do not contain “small subgroups”. There is a neighbourhood U of the identity of G so that
the only subgroup contained in it is the trivial subgroup. It suffices to focus on n = 1.
Given a continuous homomorphism f : Zℓ → G the preimege f−1(U) has to be contained in
the kernel. This implies that the kernel is open. By compactness of the profinite group the
image of f is finite. Therefore f factors through of the quotients Z/ℓk.
The case when G is discrete also follows easily from the compactness of Zℓ 
Definition 4.2. Let Hom((Zℓ)
n, G) denote the set of continuous homomorphisms with the
topology induced from the colimit of the spaces Hom((Z/ℓk)n, G) over k. We denote by
B(Zℓ, G) the geometric realization of the simplicial space Hom(Z
•
ℓ , G).
In effect we identify
B(Zℓ, G) = colim
k→∞
B(Z/ℓk, G).
The completion map Z→ Zℓ at the prime ℓ induces a natural map B(Zℓ, G)→ B(Z, G).
Corollary 4.3. Let G be a compact Lie group. The natural map
α : B(Zℓ, G)→ B(Z, G)
is a mod-ℓ equivalence.
12
Proof. Up to homotopy we can use the fat realization in the definition of B(Z/ℓk, G). Then
the maps in the direct limit are cofibrations, hence we can replace the direct limit by a
homotopy direct limit. Using Theorem 3.12 and commuting the homotopy colimits
hocolim
k
hocolim
∆•↓A¯
ρ∗B(Z/ℓ
k,−) ≃ hocolim
∆•↓A¯
hocolim
k
ρ∗B(Z/ℓ
k,−)
we are reduced to comparing
hocolim
k
ρ∗B(Z/ℓ
k, σ¯)→ ρ∗B(Z, σ¯)
for an object σ¯ in ∆• ↓ A. The map in Lemma 3.11 is natural with respect to τ . Thus, it
suffices to consider the map
G×N(σ) B(Z/ℓk, σ(0))→ G×N(σ) B(Z, σ(0))
which is a map of fibrations over G/N(σ) with the inclusion map
B(Z/ℓk, σ(0))→ B(Z, σ(0))
between the fibres. This reduces the problem to the case of the product of a torus with a
finite abelian group. We can even restrict to each case separately since both B(Z,−) and
B(Z/ℓk,−) commutes with products. For finite abelian groups this is easy to verify since
mod-ℓ cohomology is determined by the ℓ-torsion part of the group. For tori it suffices to
consider the rank one case. When G = U(1) the space B(Z/ℓk, U(1)) can be identified with
BZ/ℓk, and the map α can be identified with the map
B(Z/ℓ∞)→ BU(1)
induced by Z/ℓk ∼= µℓk → U(1). The induced map in mod-ℓ cohomology is an isomorphism
as a consequence of
H∗(BZ/ℓ∞,Z/ℓ) = lim
←
k
H∗(BZ/ℓk,Z/ℓ) = Z/ℓ[t]
where t is a degree 2 generator. 
Locally finite groups. Corollary 4.3 is an extension of the finite group case proved in [24,
Theorem 3.4]. We show that this easily generalizes to locally finite groups, that is, groups
of the form
H = colim
i
Hi
where each Hi is a finite group. We specifically will apply this in the case of the locally finite
groups G(F¯p), the colimit of the finite groups G(Fpi).
Proposition 4.4. Let H be a locally finite group. The natural map
B(Zℓ, H)→ B(Z, H)
is a mod-ℓ equivalence.
Proof. B(Zℓ, G) is identified with the colimit of B(Z/ℓ
k, G) over k (Lemma 4.1). Note that
for any finitely generated group π the natural map
colim
i
Hom(π,Hi)→ Hom(π,H)
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is a bijection. Moreover, the geometric realization functor commutes with colimits. Therefore
we have a sequence of homeomorphisms
colim
k
B(Z/ℓk, H) ≈ colim
k
colim
i
B(Z/ℓk, Hi) ≈ colim
i
colim
k
B(Z/ℓk, Hi)
where the last one is a consequence of the commutativity of colimits. By naturality the
result follows from the fact that
colim
k
B(Z/ℓk, Hi)→ B(Z, Hi)
induces a mod-ℓ equivalence. 
Calculations. We make some preliminary observations to make the homotopy colimit de-
composition in Theorem 3.12 useful in practice. The cofinality result, Proposition 3.2, allows
us to work over simpler categories. The collection A that we use to decompose B(Z, G) can
be replaced by a smaller collection. Let A′ ⊂ A denote the subcollection of subgroups
containing the centre Z ⊂ G and give A′ the subspace topology. The inclusion functor
F : A′ → A is an internal functor. For any object A of A the classifying space of the
undercategory A ↓ F is contractible since the subgroup AZ is initial in the category. Thus
F is cofinal.
Another simplification is to replace the simplex category ∆• ↓ A¯ with the full subcategory
of non-degenerate simplices as already discussed in a special case in Example 3.7. Let
(∆• ↓ A¯)non-deg denote the category whose objects are non-degenerate simplices of A¯, and
morphisms are inclusions of simplices. For a simplex σ¯ there is a unique non-degenerate
simplex σ¯0 with a morphism σ¯0 → σ¯. This assignment is natural and defines a functor
R : ∆• ↓ A¯ → (∆• ↓ A¯)non-deg, the right adjoint of the inclusion functor L : (∆• ↓ A¯)non-deg →
∆• ↓ A¯ (under the conventions of Definition 3.3). By the description of the functor ρ∗B(τ,−)
in Lemma 3.11 we see that its values at σ¯0 and σ¯ are the same. Therefore we have ρ∗B(τ,−) =
ρ∗B(τ,−)LR and we observe that R is cofinal.
In our examples (∆• ↓ A¯)non-deg will be related to the poset d[n] of non-empty subsets of
[n] ordered by inclusion.
SU(2). We think of SU(2) as the group of unit quaternions in the quaternion algebra H
with the basis {1, i, j,k} where
1 =
[
1 0
0 1
]
i =
[
i 0
0 −i
]
j =
[
0 i
i 0
]
and k = ij. Let T denote the maximal torus consisting of diagonal matrices, which is
isomorphic to U(1). The normalizer N(T ) is generated by T and j. Two disjoint maximal tori
intersect at the centre Z = {±1}. The object space of A is homeomorphic to SU(2)/N(T )+.
The base point corresponds to the centre, and the rest parametrizes the maximal tori. The
category A¯ can be identified with [1] = {0 → 1}, and (∆• ↓ A¯)non-deg. with the opposite
category d[1]op. As in [3] we obtain the homotopy push-out diagram
SU(2)/N(T ) SU(2)×N(T ) BT
∗ B(Z, SU(2))
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SO(3). The case of SO(3) is more complicated as there are abelian subgroups not conjugate
to a maximal torus. Let R : SU(2)→ SO(3) denote the covering homomorphism.
The image T¯ = R(T ) is a maximal torus isomorphic to SO(2). Other than the trivial
subgroup there are also finite abelian subgroups not conjugate to T¯ . But all these groups
are conjugate to Q¯ = R(Q) where Q is the quoternion group of order 8 generated by i, j.
The intersection T ∩Q is generated by i, a cyclic group of order 4. Therefore A¯ consists of
the trivial subgroup, T¯ , Q¯, and T¯ ∩ Q¯ ∼= Z/2. We describe the normalizers in SU(2). We
have seen that N(T ) = 〈T, i〉. One can verify that
N(Q) =
〈
1+ i√
2
,
1+ j√
2
〉
and N(T ∩Q) = N(T ).
N(Q) is the signed symmetric group on 3 letters. The normalizers of T¯ , Q¯, and T¯ ∩ Q¯ can be
obtained from these by modding out by the centre Z. Then the object space of A is given
by
SO(3)/N(T¯ )+
∨
SO(3)/N(Q¯)+
∨
SO(3)/N(Q¯) ∩N(T¯ )+
and the corresponding quotient category fits in a push-out diagram of categories
[1] [2]
[2] A¯
d2
d2
We can think of the resulting category obtained by identifying two copies of [2] along the
edge 0 → 1. Let X : A → Top be a left A-module. We will denote by X+ and X− the
restriction of the functor to one of the copies of [2]. If X = B(Z,−) then one of them,
say X+, corresponds to B(Z, SO(3))1. In fact the homotopy colimit diagram for this part
simplifies to a homotopy push-out
SO(3)/N(T¯ ) SO(3)×N(T¯ ) BT¯
∗ B(Z, SO(3))1
as in [27].
Let us look at the space of n-simplices of B(Z, SO(3)). By Remark 3.13 we have a
homotopy colimit decomposition for each of the functors Bn(Z,−), namely the functor
of homomorphism spaces Hom(Zn,−). It is known that the connected components of
Hom(Zn, SO(3)) other than the identity component Hom(Zn, SO(3))1 are all homeomor-
phic to SU(2)/Q [31]. Then the cofibre Cn of the inclusion map Hom(Z
n, SO(3))1 →
Hom(Zn, SO(3)) fits in another cofibre sequence
SU(2)/Q→ SU(2)/Q× π0Hom(Zn, SO(3))→ Cn
where the inclusion is at the base point of the homomorphism space. The number of con-
nected components is computed in [31] but we need a more explicit description. We can com-
pute the number of connected components from the homotopy decomposition of Hom(Zn,−).
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Lemma 4.5. There is a push-out diagram
Hom(Zn,Z/2) Hom(Zn, (Z/2)2)/Σ3
∗ π0Hom(Zn, SO(3))
where Σ3 permutes the non-trivial elements of (Z/2)
2, and the top map is induced by one of
the inclusions Z/2 ⊂ (Z/2)2.
Proof. The decomposition corresponding to X has two parts X+ and X−. First one is in
fact a decomposition for the identity component, so it yields a connected space. The two
decompositions are glued along the restriction of X to the intersection of the two copies of
[2], that is a copy of [1]. We know that X+ part is connected, and we focus on the X− part.
ρ∗X
− is a diagram of spaces on d[2]op which sends a simplex σ to the space G×N(σ)X−(σ0).
Here 0 → 1 → 2 is identified with the inclusion of subgroups 1 → T¯ ∩ Q¯ → Q¯. Similarly
ρ∗X
+ can be described by replacing X−. Note that restriction along d2 : [1]→ [2] gives the
diagram
∗ ← G/N(T¯ )→ G/N(T¯ )× Hom(Zn, T¯ ∩ Q¯)
Note that N(T¯ ) action on T¯ ∩ Q¯ is trivial. This part is also contained in ρ∗X+ and lives
in a single connected component in the homotopy colimit i.e. the identity component of the
homomorphism space. Looking at the diagram ρ∗X
− the only identification needed to be
considered to compute π0 turns out to be the image of the inclusion
Hom(Zn, T¯ ∩ Q¯)→ Hom(Zn, Q¯)/N(Q¯).

So far we have dealt with a fixed simplicial degree. Geometric realization commutes
with push-outs and cofibre sequences. The cofibre of B(Z, SO(3))1 → B(Z, SO(3)) is the
geometric realization of the cofibres C•. The following will be useful to understand the
geometric realization of the push-out diagram in Lemma 4.5.
Lemma 4.6. There is a homotopy equivalence (B(Z/2)2/Σ3)
∧
ℓ ≃ ∗ for ℓ > 2.
Proof. Let us take the quotient in two steps. First take the quotient by the normal subgroup
Z/3 ⊂ Σ3, and then by Σ3/(Z/3) ∼= Z/2. The action of Z/3 on the n-simplices of B(Z/2)2 is
free except at the degenerate simplex of the base point. Therefore there is a cofibre sequence
BZ/3
∼ℓ−→ EZ/3×Z/3 B(Z/2)2 → B(Z/2)2/(Z/3)
where the first map is a mod-ℓ equivalence for ℓ > 2. Thus B(Z/2)2/(Z/3) is mod-ℓ equivalent
to a point and taking a further quotient by Z/2 does not change the mod-ℓ homotopy type.

Theorem 4.7. The homomorphism R : SU(2)→ SO(3) induces a mod-ℓ equivalence
B(Z, SU(2))→ B(Z, SO(3))
for all ℓ > 2.
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Proof. Let Z denote the centre of SU(2). Its classifying space BZ is a topological group which
acts freely on B(Z, SU(2)) and B(Z, SO(3))1 is the orbit space of this action. Therefore R
induces a fibration B(Z, SU(2))→ B(Z, SO(3))1. The fibre is homotopy equivalent to BZ/2
hence it induces a mod-ℓ equivalence. We will show that the inclusion B(Z, SO(3))1 →
B(Z, SO(3)) is a mod-ℓ equivalence. Recall that at the level of n-simplices the cofibre is Cn.
Since geometric realization commutes with cofibre sequences we have a cofibre sequence
SU(2)/Q→ SU(2)/Q× |X•| → |C•|
where Xn = π0Hom(Z
n, SO(3)). By Lemma 4.5 we have a push-out diagram
BZ/2 B(Z/2)2/Σ3
∗ |X•|
Lemma 4.6 implies that |X•|∧ℓ ≃ ∗, and consequently |C•|∧ℓ is contractible. 
Using the cohomology calculation in [27] we obtain
Corollary 4.8. Let l be an odd prime. Then there is an isomorphism of graded rings
H∗(B(Z, SO(3)),Z/ℓ) = Fℓ[p, y]/(y
2)
where both generators are of degree 4.
5. Mapping spaces and spaces of homomorphisms
Given a topological group G and a discrete group π, one may construct a “mapping
groupoid” Hom(π,G). One would like to know to what extent this formation of mapping
object commutes with taking classifying spaces. In an ideal situation, one would have
BHom(π,G) ≃ Map(Bπ,BG), (5.0.1)
the equivalence being taken over the space BG.
This holds when π is Z, since it is a rephrasing of the observation of D. Sullivan that
EG×G Gad ≃ Map(S1, BG). In the case where π is a finite ℓ-group and G is compact Lie,
one has a mod-ℓ equivalence. This is Theorem 5.2 below, due to Dwyer and Zabrodsky
[9]. If we take fibres over the maps to BG in the putative equivalence (5.0.1), we obtain
a comparison between the space Hom(π,G) and the space of based maps Map∗(Bπ,BG).
When π is Z, one has the well-known equivalence G→ ΩBG. When π and π0(G) are finite
ℓ-groups, one has a mod-ℓ equivalence.
Topologies on spaces of homomorphisms. For any two groups π and G, we write
Hom(π,G) for the set of homomorphisms ρ : π → G, and we write Rep(π,G) for the
quotient set by the conjugation action of G. The class of ρ in Rep(π,G) will be written 〈ρ〉,
so 〈ρ〉 = 〈ρ′〉 if and only if there exists some g ∈ G such that gρ(x)g−1 = ρ′(x) for all x ∈ π.
Recall that the homomorphism space Hom(Zn, G) is topologized as a subspace of Gn.
Suppose π is a finite group generated by a finite set S of elements. Then we may topologize
Hom(π,G) as a subspace of GS =
∏
s∈S G. It is the case that the induced topology on
Hom(π,G) does not depend on the particular choice of generating set. The action of G on
Hom(π,G) is continuous.
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Proposition 5.1. Let π be a finite group and G a compact Lie group. Give Hom(π,G) the
topology specified above. Then the quotient space Rep(π,G) is a discrete finite set.
Proof. We will show that the space Rep(π,G) is finite. This will suffice to prove the state-
ment, since Hom(π,G) is a Hausdorff space and G is a compact Hausdorff group, so that
the quotient set will inherit a Hausdorff topology. Being finite, it must be discrete.
There exists an injective map of spaces
Hom(π,G)→
∏
α∈π
Hom(Z/|α|, G)
which is compatible with the conjugation action by G and which remains injective after
passing to G-quotients. It therefore suffices to show that Hom(Z/m,G)/G is finite. For
this embed G into a unitary group U(n). Let S denote the subgroup of elements of order
dividing ℓk in a fixed maximal torus of the unitary group. Then S has finite order, and
the set of subgroups of G conjugate under U(n) to a cyclic subgroup of S falls into finitely
many conjugacy classes in G by Quillen’s argument in [28, Lemma 6.3]. This concludes the
argument. 
Maps between classifying spaces. Suppose π is a finite group and G is a Lie group. One
can define a topological groupoid of morphisms Hom(π,G) by setting the set of objects to
be the set of homomorphisms ρ : π → G and by declaring the morphisms ρ→ ρ′ to consist
of the subset of elements g ∈ G such that gρ(x)g−1 = ρ′(x) for all x ∈ π. It is easily verified
that the set hom(ρ, ρ′) of morphisms is either empty or consists of a coset gZG(ρ) of the
centralizer of the image of ρ in G. This centralizer, ZG(ρ), is a closed subgroup of G. We
endow hom(ρ, ρ′) with the subspace topology, and this endows Hom(π,G) with the structure
of a topological category. We remark that the topology on the set of objects is discrete in
this case—often when the term “topological category” is used in the literature, this is the
kind of category that is meant.
The topological groupoid Hom(π,G) constructed above is a special case of the internal
mapping object of topological categories; here the categories in question are π and G, both
viewed as topological categories having one object. Consequently, there is a counit or ‘eval-
uation’ functor
Hom(π,G)× π → G.
This counit functor admits direct description as follows. A morphism in Hom(π,G) × π
consists of the data of a natural transformation ν : φ → ψ and an element p of π. The
transformation ν : φ → ψ between two homomorphisms π → G is given by conjugation by
an element g ∈ G so that gφ = ψg, and an element p of π. The image of this under the
counit map is gφ(p), alternatively described as ψ(p)g.
The induced map on classifying spaces of topological categories is BHom(π,G)×Bπ → BG
and this has an adjoint, namely a canonical map
BHom(π,G)→ Map(Bπ,BG).
Theorem 5.2. [9] Let ℓ be a prime, π be a finite ℓ–group, and G be a compact Lie group.
Then the natural map
BHom(π,G)→ Map(Bπ,BG)
is a strong mod-ℓ equivalence.
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The following argument appears as part of the proof of the above, in [9, Section 4], and
we set it aside for later reference.
Proposition 5.3. Let π be a discrete group and let G be a topological group, and let f :
π → G be a homomorphism. If Map(Bπ,BG)Bf denotes the path component of Bf , with
basepoint Bf , then there is a natural equivalence ΩMap(Bπ,BG)Bf ≃ Ghπ where π acts on
G via π · g = f(π)gf(π)−1.
Proof. By use of adjunctions, the space ΩMap(Bπ,BG)Bf may be identified with the sub-
space of the space of maps Map(Bπ, LBG) consisting of those maps yielding to Bf ∈
Map(Bπ,BG) after post-composition with the evaluation-at-the-basepoint map LBG →
BG. That is, we are studying the space of lifts
LBG

Bπ //
;;✇
✇
✇
✇
✇
BG
The space LBG is a model for the Borel construction EG ×G Gad, and the space of lifts
under consideration is therefore homeomorphic to the space of sections of the fibre bundle
Eπ ×π G → Bπ where the action of π on G is the composite of the adjoint action of G on
itself and the homomorphism f . The space of such sections is a model for Ghπ. 
Remark 5.4. Theorem 5.2 establishes both the following facts. First, the path components
of Map(Bπ,BG) are in bijection with the set of representations Rep(π,G), these being the
components of BHom(π,G). Second, given a map ρ : π → G, one may take the component
of Bρ in the mapping space: Map(Bπ,BG)Bρ, which we give the evident basepoint. Then
the induced map on mapping spaces ΩBHom(π,G)Bρ → ΩMap(Bπ,BG)Bρ is the map
ZG(ρ) = G
π → Ghπ from the centralizer of ρ to the homotopy centralizer of ρ as defined in
Proposition 5.3.
Definition 5.5. Given a space X with a continuous action of a topological group G, we
define the action groupoid X/G to be the topological groupoid having X as its space of
objects and where the space of morphisms from x to y is the set {g ∈ G : gx = y}, endowed
with the topology of a subspace of G.
At first glance, it appears that Hom(π,G) is the action groupoid Hom(π,G)/G where G
acts on homomorphisms by conjugation, but there is the question of the topologies chosen.
Specifically, Hom(π,G) was constructed by endowing the object set Hom(π,G) with the
discrete topology, but unless G is itself discrete, it is unlikely that the action of G on
Hom(π,G) is continuous when Hom(π,G) is given the discrete topology.
With the choice of topology τ , we can construct the action groupoid Hom(π,G)/G.
There exists a natural map of topological groupoids
n : Hom(π,G)→ Hom(π,G)/G (5.5.1)
given by the identity functions on the levels of sets.
Proposition 5.6. Let π be a finite group and G a compact Lie group. The natural map
Bn : BHom(π,G)→ BHom(π,G)/G.
obtained by applying the classifying space functor to (5.5.1) is a homotopy equivalence.
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Proof. We first verify that the map induces a bijection π0(Bn) on sets of connected compo-
nents. The map on object sets of the groupoids is the identity function (Hom(π,G), disc)→
(Hom(π,G), τ), and the induced map on π0 is the induced map of equivalence classes
〈ρ〉 7→ 〈ρ〉. The set π0(BHom(π,G)) is Rep(π,G) with the discrete topology (by construc-
tion) whereas π0(BHom(π,G)/G) is π0(Rep(π,G)) with the topology induced by τ , but
by Proposition 5.1 this is exactly the discrete topology as well, and therefore π0(Bn) is a
bijection.
It now suffices to prove that Bn restricts to a homotopy equivalence in each connected
component. To prove this, fix a homomorphism ρ : π → G and consider the components
BHom(π,G)ρ and (Hom(π,G)/G)ρ corresponding to ρ. Consider the full subgroupoids
of Hom(π,G)ρ and (Hom(π,G)/G)ρ consisting of only the single object ρ. Each is the
topological group ZG(ρ) and the map n restricts to the identity map between these two
groups. There is therefore a commutative diagram of topological groupoids
ZG(ρ)

ZG(ρ)

Hom(π,G)ρ
n // (Hom(π,G)/G)ρ
.
The two vertical maps are the inclusion of full subgroupoids on one object and therefore
induce homotopy equivalences on classifying spaces. Applying B to the diagram as a whole
therefore yields the result. 
It is a folklore result that the classifying space of Hom(π,G)/G is homeomorphic to the
Borel construction EG×G Hom(π,G).
Let X∧ℓ denote the Bousfield-Kan ℓ–completion of a space. A map X → Y is a mod-ℓ
equivalence if and only if the ℓ–completed map X∧ℓ → Y ∧ℓ is a homotopy equivalence, see
Definition 2.1. For a compact Lie group G and an ℓ–group π the map
Map(Bπ,BG)∧ℓ → Map(Bπ,BG∧ℓ ) (5.6.1)
induced by the completion map BG → BG∧ℓ is a homotopy equivalence, [7, Proposition
7.5]. Note that the mapping space Map(Bπ,BG) is ℓ–good since by Theorem 5.2 it is mod-
ℓ equivalent to a disjoint union on classifying spaces of centralizers. Each centralizer is a
compact Lie group and the classifying space of a compact Lie group is ℓ–good.
Let π• be a cosimplicial group. We say π• is a cosimplicial ℓ–group if πn is a finite ℓ–group
for all n ≥ 0. We further require that π0 is the trivial group {1}. This implies that the spaces
of interest such as ||Hom(π•, G)||, ||B Hom(π•, G)|| and ||Map(Bπ•, BG)|| are connected.
Proposition 5.7. Let G be a compact Lie group, π• be a cosimplicial ℓ–group. Then the
natural map
||BHom(π•, G)|| → ||Map(Bπ•, BG∧ℓ )||
is a mod-ℓ equivalence.
Proof. As a consequence of Theorem 5.2 the natural map of simplicial spaces
φ• : BHom(π•, G)→ Map(Bπ•, BG)
is a degree-wise mod-ℓ equivalence. The homotopy equivalence in 5.6.1 implies that the com-
pletion map BG → BG∧ℓ induces a mod-ℓ equivalence Map(Bπ•, BG) → Map(Bπ•, BG∧ℓ )
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in each degree. Then the fat realization of the composite map is also a mod-ℓ equivalence
by a spectral sequence argument. 
Theorem 5.8. Let G be a compact Lie group, π• be a cosimplicial ℓ–group. There is a zigzag
of mod-ℓ equivalences
EG×G B(π•, G)← ||BHom(π•, G)|| → ||Map(Bπ•, BG∧ℓ )||,
and this is natural in both the cosimplicial group π• and the compact Lie group G.
Proof. The simplicial space X = Hom(π•, G) is good by Proposition 2.3 and hence the
quotient map ||X|| → |X| is a homotopy equivalence. Note that under the projection map an
element [xn, u] in ||X|| maps to the equivalence class of the same representative in |X| where
xn is an n–simplex and u is a point in the standard topological n–simplex. The G–action is
on the first coordinate and hence the quotient is a G–map. When X is good the homotopy
inverse is defined in the same way, it is also a G–map. Since the homotopy inverse |X| → ||X||
is a G–map and a homotopy equivalence the induced map EG ×G |X| → EG ×G ||X||
between the Borel constructions is a homotopy equivalence. The fat realization and the
Borel construction may both be written as homotopy colimits, and therefore they commute
with one another.
EG×G |Hom(π•, G)| ≃ EG×G ||Hom(π•, G)|| ≃ ||EG×G Hom(π•, G)||.
Proposition 5.6 gives a homotopy equivalence
||EG×G Hom(π•, G)|| ∼←− ||BHom(π•, G)||
since the fat realization respects homotopy equivalences. Finally, using Proposition 5.7
finishes the proof. 
Let Map∗(−,−) denote the pointed mapping space.
Corollary 5.9. Let G be a compact Lie group, π• be a cosimplicial ℓ–group (with π0 = e).
Assume that π0(G) is an ℓ–group. Then there is a natural zigzag of mod-ℓ equivalences
B(π,G)← ||Hom(π•, G)|| → ||Map∗(Bπ•, BG∧ℓ )||
Proof. If we exploit the naturality of the zigzag in Theorem 5.8, using the map from the
trivial cosimplicial group {e}• → π•, we arrive at a diagram
EG×G B(π•, G)

||BHom(π•, G)||∼oo

∼ℓ // ||Map(Bπ•, BG∧ℓ )||

BG BG
∼ℓ // BG∧ℓ .
The vertical maps appearing are fibrations and the induced natural map on fibres is the
zigzag
B(π•, G)← ||Hom(π•, G)|| → ||Map∗(Bπ•, BG∧ℓ )||.
When π0(G) is an ℓ–group, the fibre lemma [5, Ch II §5] implies that these maps are mod-ℓ
equivalences. The result follows. 
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Remark 5.10. The assumption on the connected components of G is required. Corollary 5.9
may fail in general. For example, let G be the symmetric group Σ3 on three letters. Inclusion
of a Sylow 2–subgroup Z/2→ Σ3 induces a mod-2 equivalence between the classifying spaces.
If Corollary 5.9 were true in general it would imply that B(Z/2,Σ3) is mod-2 equivalent to
B(Z/2,Z/2) = BZ/2 but this is not the case since
B(Z/2,Σ3) ≃ ∨3BZ/2.
Remark 5.11. Let θ : π• → G be a fixed homomorphism. Under the assumptions of
Corollary 5.9 there is a natural zigzag of mod-ℓ equivalence
B(π,G)θ ← ||Hom(π•, G)θ|| → ||Map∗(Bπ•, BG)Bθ||
between the connected components at θ.
6. Applications
We demonstrate two applications of the mod-ℓ (zigzag) equivalence between B(π,G) and
||Map∗(Bπ•, BG∧ℓ )|| as proved in Corollary 5.9.
Homotopy invariance. It is a well known fact that if a homomorphism G → H between
groups is a homotopy equivalence then the induced map BG → BH is also a homotopy
equivalence. We should like to establish a similar property for B(π,G).
Theorem 6.1. Let G and H be compact Lie groups, π• be a cosimplicial ℓ–group. Assume
that π0(G) and π0(H) are ℓ–groups and there is a homotopy equivalence BG
∧
ℓ → BH∧ℓ . Then
the induced map
φ : B(π,G)∧ℓ → B(π,H)∧ℓ
is a homotopy equivalence.
Proof. The induced map is given by the composite
φ : B(π,G)∧ℓ → ||Map∗(Bπ•, BG∧ℓ )|| → ||Map∗(Bπ•, BH∧ℓ )|| → B(π,H)∧ℓ
where the first and the last maps are homotopy equivalences provided by Corollary 5.9. 
Although taking a detour through finite ℓ–groups is essential to the proof, using Corollary
4.3 we can extend the result to B(Z, G) using the commutative diagram
B(Zℓ, G) B(Z, G)
B(Zℓ, H) B(Z, H)
Corollary 6.2. Let G and H be compact Lie groups. Assume that π0(G) and π0(H) are
ℓ–groups and there is a homotopy equivalence BG∧ℓ → BH∧ℓ . Then the induced map
B(Z, G)∧ℓ → B(Z, H)∧ℓ
is a homotopy equivalence.
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Example 6.3. In Theorem 4.7 we proved that the homomorphism SU(2)→ SO(3) induces
a mod-ℓ equivalence B(Z, SU(2)) → B(Z, SO(3)) when ℓ > 2. This is a special case of a
more general result which is a consequence of Corollary 6.2. Let Sp(n) denote the compact
symplectic group. There is a homotopy equivalence
BSp(n)∧ℓ → BSO(2n+ 1)∧ℓ
for every odd prime ℓ (see [12]). Theorem 6.1 implies that for any cosimplicial ℓ–group π•
there is a homotopy equivalence
B(π, Sp(n))∧ℓ ≃ B(π, SO(2n + 1))∧ℓ
and Corollary 6.2 gives a homotopy equivalence
B(Z, Sp(n))∧ℓ ≃ B(Z, SO(2n + 1))∧ℓ .
If G is a compact Lie group such that π0(G) is an ℓ-group, then G furnishes an ℓ–compact
group, [10]. An ℓ–compact group is a triple (X,BX, e) where BX is a pointed, connected,
ℓ–complete space, H∗(X,Z/ℓ) is finite, and e : X → ΩBX is a homotopy equivalence.
We can extend the definition of B(π,−) to ℓ–compact groups by using mapping spaces.
Definition 6.4. For a cosimplicial group τ • and an ℓ–compact group (X,BX, e) we define
B(τ,X) = ||Map∗(Bτ •, BX)||.
Let (X,BX, e) and (Y,BY, e′) be ℓ–compact groups. Then a homotopy equivalence BX →
BY induces a homotopy equivalence
B(Z, X)∧ℓ → B(Z, Y )∧ℓ .
The Milnor–Friedlander conjecture. Let k be an algebraically closed field, and ℓ be
a prime distinct from p, the characteristic of k. A reductive algebraic group G over k
defines a sheaf on the e´tale site (Sm|k)et of smooth schemes over k. Applying the classifying
space functor sectionwise gives a simplicial sheaf BG : (Sm|k)et → sSet. The functor of
global sections, Γ, from simplicial sheaves to simplicial sets is right adjoint to the constant-
sheaf functor, C. The counit of this adjunction ǫ : CΓBG → BG induces a map in e´tale
cohomology groups
ǫ∗ : H∗et(BG,Z/ℓ)→ H∗et(CΓBG,Z/ℓ) ∼= H∗(BG(k),Z/ℓ)
where G(k) is the group of k–points, endowed with the discrete topology. The Milnor–
Friedlander conjecture asserts that ǫ∗ is an isomorphism. This conjecture holds for k = F¯p
as proved by Mislin and Friedlander.
Theorem 6.5. [11] Let G(C) be a reductive complex Lie group, and let G(F¯p) denote the
F¯p–points of the associated Chevalley group GZ. Then there is a map
Φ : BG(F¯p)→ BG(C),
that is a mod-ℓ equivalence for every prime ℓ 6= p.
We prove a similar theorem for B(Z, G(C)).
Let W denote the ring of Witt vectors of F¯p. This is a discrete valuation ring of charac-
teristic 0 having residue field F¯p. We denote the residue map by r : W → F¯p. We fix an
embedding s :W → C. We work over S = SpecW and denote by GS the base extension of
the Chevalley group GZ. Theorem 6.5 applies to generalized reductive group schemes GS in
23
the sense of [14, Section 2]: For such a group there is a map Φ : BGS(F¯p)→ BGS(C) that is
a mod-ℓ equivalence for all primes ℓ 6= p. This map fits in a homotopy commutative diagram
BGS(F¯p) BGS(W)
BGS(C)
ΦG
see [13, Remark 2.5]. Here GS(F¯p) and GS(W) are discrete, and GS(C) is a Lie group.
Proposition 6.6. Let GS be a reductive group over S = SpecW. For a finite ℓ–group π the
map Φ : BGS(F¯p)→ BGS(C) induces a mod-ℓ equivalence
Φ˜ : Map(Bπ,BGS(F¯p))→ Map(Bπ,BGS(C)).
We remark that the ℓ-group π is necessarily solvable.
Proof. Let us write G = GS for simplicity of notation.
We consider the zigzag
BG(F¯p)← BG(W)→ BG(C). (6.6.1)
Take mapping spaces Map(Bπ, ·) to obtain a zigzag
Map(Bπ,BG(F¯p))← Map(Bπ,BG(W))→ Map(Bπ,BG(C)). (6.6.2)
We first claim that (6.6.2) induces an isomorphism on connected components. In each
case, the set of connected components is the set of representations of π
Rep(π,G(F¯p))← Rep(π,G(W))→ Rep(π,G(C)) (6.6.3)
These maps are bijections by virtue of the main theorem of [14].
Consequently, it suffices to work component by component. Fix a homomorphism ρ˜ : π →
G(W) and construct the diagram of homomorphisms
π
G(F¯p) G(W) G(C)
ρ
ρ˜
ρ′
and the maps between the associated components
Map(Bπ,BG(F¯p))Bρ ← Map(Bπ,BG(W))Bρ˜ → Map(Bπ,BG(C))Bρ′ . (6.6.4)
We take the loop space of Diagram (6.6.4).
There is an equivalence, natural in H , of the form
ΩMap(Bπ,BH)Bf → Hhπ
(see Proposition 5.3) where π acts by conjugation on H via the homomorphism f . If H is
a discrete group, such as G(F¯p) or G(W), the homotopy fixed point space is the fixed point
space Hπ, viz the centralizer ZH(f). If H = K is a compact Lie group, then the Sullivan
conjecture, in the form of [8, Theorem B(b)], implies that the space of homotopy fixed points
is mod-ℓ equivalent to the fixed points, (K∧ℓ )
hπ ≃ (Kπ)∧ℓ .
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We obtain a diagram
ZG(F¯p)(ρ)
∼

ZG(W)(ρ˜)oo //
∼

ZG(C)(ρ
′)

G(F¯p)
hπ G(W)hπoo // G(C)hπ
(6.6.5)
where the action of π is via the homomorphisms ρ, ρ˜, and ρ′ as appropriate.
Let Z = ZGS(ρ˜) denote the centralizer of ρ˜ in GS. The result in [14, Theorem 4.2] implies
that Z is a generalized reductive group over S. We have
Z(F¯p) = ZG(F¯p)(ρ) and Z(C) = ZG(C)(ρ
′)
since the fields are algebraically closed, [19, pg. 28]. Let KZ denote a maximal compact
subgroup of Z(C), and consider the subgroup generated by KZ and Im(ρ
′) in G(C). There is
a surjective continuous homomorphism from the compact group KZ × Im(ρ′) to this group,
so it is itself compact. Let K denote a maximal compact subgroup of G(C) containing both
Im(ρ′) and KZ . We remark that K
π ⊂ Z(C) = G(C)π is a compact subgroup containing a
maximal compact subgroup KZ , so it follows that K
π = KZ .
We now consider the commutative diagram
Map(Bπ,BG(F¯p))Bρ Map(Bπ,BG(C))Bρ′ Map(Bπ,BK)Bρ′
BZ(F¯p) BZ(C) BK
π
Φ˜
∼
≈
ΦZ
∼
∼ℓ
The right vertical arrow is a mod-ℓ equivalence by the homotopy equivalence in Theorem
5.2 (see Remark 5.4). We finish the proof by remarking that the Friedlander–Mislin theorem
[13] implies that ΦZ is a mod-ℓ equivalence. 
Theorem 6.7. Let G(C) be a reductive complex Lie group and let G(F¯p) denote the F¯p–
points of the associated Chevalley group. Fix a prime ℓ other than the characteristic p of Fp.
Then there is a zigzag
ϕ : EG(F¯p)×G(F¯p) B(Z, G(F¯p))↔ EG(C)×G(C) B(Z, G(C))
of maps that are mod-ℓ equivalence for every prime ℓ 6= p.
The zigzag of maps depends on the embedding of the Witt vectors W→ C, but is natural
in the group G.
Proof. Let π• denote the cosimplicial group (Z/ℓk)•. Applying Proposition 6.6 in each degree
gives a mod-ℓ equivalence
||Map(Bπ•, G(F¯p))|| → ||Map(Bπ•, G(C))||.
We can apply Theorem 5.8 to a maximal compact subgroup K ⊂ G(C) to replace the target
by EG(C) ×G(C) B(π,G(C)) up to mod-ℓ (zigzag) equivalence. The source, on the other
hand, is homotopy equivalent to EG(F¯p)×G(F¯p) B(π,G(F¯p)) since G(F¯p) is a discrete group.
Taking a (homotopy) colimit over k and using Corollary 4.3 and Proposition 4.4 finishes the
proof. 
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Example 6.8. We provide an example that illustrates Theorem 6.7, and also shows that
the statement of the theorem fails without taking the Borel construction.
We consider the reductive algebraic group GL2. Let p be a prime. We start by describing
certain abelian subgroups of the finite group GL2(Fq) where q is a power of p. Let T (Fq)
denote the subgroup consisting of diagonal matrices. The centre Z(Fq) is isomorphic to the
group of units F×q . Matrices normalizing T (Fq) either leave each element fixed or permute
the diagonal. The normalizer group is denoted by N(T (Fq)) and is isomorphic to the semi-
direct product T (Fq) ⋊ Σ2 where Σ2 acts by permuting the diagonal. In fact, N(T (Fq)) is
the normalizer of any subgroup of T (Fq) strictly containing the centre.
Let ℓ be an odd prime distinct from p. There exists an integer r ≥ 1 such that qr − 1 ≡ 0
mod ℓ. We may embed GL2(Fq)→ GL2(Fqr), and since we are really interested in the colimit
GL2(F¯p), we may safely replace Fq by the extension Fqr . We therefore shall assume q ≡ 1
(mod ℓ).
Let Tℓ(Fq) denote the ℓ-torsion subgroup of the group T (Fq) of order (q − 1)2. Since
GL2(Fq) has order q(q − 1)2(q + 1) this is a Sylow ℓ-subgroup.
Let Aℓ(Fq) denote the (discrete) poset of abelian ℓ-subgroups of GL2(Fq) that contain the
centre. The maximal elements of this poset are the conjugates of Tℓ(Fq) and any two distinct
conjugates intersect in the ℓ-torsion part of the centre—denoted Zℓ(Fq).
For the finite group GL(Fq) (or the locally finite group GL(F¯p)) we can use the discrete
homotopy colimit decomposition as described in [24, §3]. By Proposition 4.4 B(Z,GL2(Fq))
is mod-ℓ equivalent to B(Zℓ,GL2(Fq)) which is homotopy equivalent to the homotopy colimit
of
B(Tℓ(Fq))
B(Zℓ(Fq))
88qqqqqqqqqqq
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
...
B(Tℓ(Fq))
(6.8.1)
If the ℓ-adic valuation of q − 1 is s, then Zℓ(Fq) is cyclic of order ℓs and Tℓ(Fq) is a product
of two cyclic groups of order ℓs. Moreover, it is possible to count the number of distinct con-
jugates of Tℓ(Fq) there are: namely nq =
(q−1)2q(q+1)
2ℓ2
, the cardinality of GL2(Fq)/N(Tℓ(Fq)).
For purposes of generalization, it is better to recast this homotopy colimit as the homotopy
colimit of
GL2(Fq)/N(Tℓ(Fq))× BZℓ(Fq) GL2(Fq)/Tℓ(Fq)×Σ2 BTℓ(Fq)
BZℓ(Fq) B(Z,GL2(Fq))
∧
ℓ .
Here we write GL2(Fq)/Tℓ(Fq)×Σ2 BTℓ(Fq) in place of GL2(Fq)×N(Tℓ(Fq)) BTℓ(Fq). The two
spaces are homeomorphic, so this is not going to change the homeomorphism type of the
colimit, and GL2(Fq)/Tℓ(Fq)×Σ2 BTℓ(Fq) is preferred because it indicates how GL2(Fq) acts
on the space.
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We interested in taking a colimit over q and determining B(Z,GL2(F¯p)), at least up to
mod-ℓ equivalence. To do this, let Aℓ(F¯p) denote the poset of those abelian ℓ-subgroups
of GL2(F¯p) containing the ℓ-torsion part of the centre. This poset contains the subgroup
Zℓ =
⋃
q Zℓ(Fq) and the conjugates of Tℓ =
⋃
q Tℓ(Fq). Thus we have a homotopy push-out
diagram
GL2(F¯p)/N(Tℓ)× BZℓ GL2(F¯p)/Tℓ ×Σ2 BTℓ
BZℓ B(Z,GL2(F¯p))
∧
ℓ
The Borel construction of the conjugation action of GL2(F¯p) on B(Z,GL2(F¯p)) can be
described from this diagram since the Borel construction commutes with homotopy colimits.
One arrives at a homotopy pushout diagram
BN(Tℓ)× BZℓ EN(Tℓ)/Tℓ ×Σ2 BTℓ
BGL2(F¯p)× BZℓ X(F¯p)
for which the homotopy push-out is is mod-ℓ equivalent to EGL2(F¯p)×GL2(F¯p)B(Z,GL2(F¯p)).
We compare this result to GL2(C), or rather to the maximal compact subgroup U(2). Let
A(C) denote the topological category of intersections of maximal tori in U(2). The objects
in this poset consist of the centre Z ∼= U(1) and the conjugates of a standard maximal torus
T ∼= U(1)× U(1).
From the homotopy decomposition 6.8.1 we can show that the first mod-ℓ homology group
of B(Z,GL2(F¯p)) is infinitely generated; whereas the first homology of B(Z, U(2))ℓ vanishes
since B(Z, U(2)) is simply connected, see [3, Proposition 3.2].
However, there is a similar homotopy push-out diagram
BN(T )×BZ EN(T )/T ×Σ2 BT
BU(2)× BZ X(C)
where X(C) is mod-ℓ equivalent to EU(2) ×U(2) B(Z, U(2)). X(F¯p) is mod-ℓ equivalent to
X(C) since there is a natural mod-ℓ equivalence between the classifying spaces of Z, T , N ,
U(2) and their discrete versions Zℓ, Tℓ, Nℓ, GL2(F¯p), respectively.
A similar argument applies to the algebraic group SL2.
References
[1] A. Adem, F. R. Cohen, and E. Torres Giese. Commuting elements, simplicial spaces and filtrations of
classifying spaces. Math. Proc. Cambridge Philos. Soc., 152(1):91–114, 2012.
[2] A. Adem, J. Go´mez, J. Lind, and U. Tillmann. Infinite loop spaces and nilpotent k–theory. Algebraic
& Geometric Topology, 17(2):869–893, 2017.
[3] A. Adem and J. M. Go´mez. A classifying space for commutativity in Lie groups. Algebr. Geom. Topol.,
15(1):493–535, 2015.
27
[4] Francis Borceux. Handbook of categorical algebra. 1, volume 50 of Encyclopedia of Mathematics and its
Applications. Cambridge University Press, Cambridge, 1994. Basic category theory.
[5] A. K. Bousfield and D. M. Kan. Homotopy limits, completions and localizations. Lecture Notes in
Mathematics, Vol. 304. Springer-Verlag, Berlin-New York, 1972.
[6] Martin R. Bridson, Pierre de la Harpe, and Victor Kleptsyn. The Chabauty space of closed subgroups
of the three-dimensional Heisenberg group. Pacific J. Math., 240(1):1–48, 2009.
[7] Carles Broto and Nitu Kitchloo. Classifying spaces of Kac-Moody groups. Math. Z., 240(3):621–649,
2002.
[8] Gunnar Carlsson. Equivariant stable homotopy and Sullivan’s conjecture. Inventiones mathematicae,
103(3):497–526, 1991.
[9] W Dwyer and Alexander Zabrodsky. Maps between classifying spaces. Algebraic Topology Barcelona
1986, pages 106–119, 1987.
[10] W. G. Dwyer and C. W. Wilkerson. Homotopy fixed-point methods for Lie groups and finite loop spaces.
Ann. of Math. (2), 139(2):395–442, 1994.
[11] E. M. Friedlander and G. Mislin. Cohomology of classifying spaces of complex Lie groups and related
discrete groups. Comment. Math. Helv., 59(3):347–361, 1984.
[12] Eric M. Friedlander. Exceptional isogenies and the classifying spaces of simple Lie groups. Ann. Math.
(2), 101:510–520, 1975.
[13] Eric M. Friedlander and Guido Mislin. Locally finite approximation of Lie groups. I. Invent. Math.,
83(3):425–436, 1986.
[14] Eric M. Friedlander and Guido Mislin. Conjugacy classes of finite solvable subgroups in Lie groups.
Ann. Sci. E´cole Norm. Sup. (4), 21(2):179–191, 1988.
[15] S. Gritschacher. The spectrum for commutative complex k-theory. arXiv:1611.03644 [math.AT].
[16] Heisuke Hironaka. Triangulations of algebraic sets. In Algebraic geometry (Proc. Sympos. Pure Math.,
Vol. 29, Humboldt State Univ., Arcata, Calif., 1974), volume 29, pages 165–185. Amer. Math. Soc.
Providence, RI, 1975.
[17] P. S. Hirschhorn. Model categories and their localizations, volume 99 of Mathematical Surveys and
Monographs. American Mathematical Society, Providence, RI, 2003.
[18] J. Hollender and R. M. Vogt. Modules of topological spaces, applications to homotopy limits and E∞
structures. Arch. Math. (Basel), 59(2):115–129, 1992.
[19] Jens Carsten Jantzen. Representations of algebraic groups, volume 131 of Pure and Applied Mathematics.
Academic Press, Inc., Boston, MA, 1987.
[20] John A. Lind. Diagram spaces, diagram spectra and spectra of units. Algebr. Geom. Topol., 13(4):1857–
1935, 2013.
[21] Alexander Lubotzky and Andy R Magid. Varieties of representations of finitely generated groups, volume
336. American Mathematical Soc., 1985.
[22] J. Peter May and Kate Ponto. More concise algebraic topology. Chicago lectures in mathematics series.
University of Chicago Press, 2012.
[23] Jean-Pierre Meyer. Bar and cobar constructions. II. J. Pure Appl. Algebra, 43(2):179–210, 1986.
[24] C. Okay. Homotopy colimits of classifying spaces of abelian subgroups of a finite group. Algebr. Geom.
Topol., 14(4):2223–2257, 2014.
[25] C. Okay. Colimits of abelian groups. J. Algebra, 443:1–12, 2015.
[26] Cihan Okay. Spherical posets from commuting elements. J. Group Theory, 21(4):593–628, 2018.
[27] Bernardo Villarreal Omar Antoln-Camarena, Simon Gritschacher. Classifying spaces for commutativity
of low-dimensional lie groups. arXiv:1802.03632 [math.AT], 2017.
[28] D. Quillen. The spectrum of an equivariant cohomology ring. I, II. Ann. of Math. (2), 94:549–572; ibid.
(2) 94 (1971), 573–602, 1971.
[29] Graeme Segal. Categories and cohomology theories. Topology, 13(3):293–312, September 1974.
[30] Arne Strøm. The homotopy category is a homotopy category. Archiv der Mathematik, 23(1):435–441,
December 1972.
[31] E. Torres Giese and D. Sjerve. Fundamental groups of commuting elements in Lie groups. Bull. Lond.
Math. Soc., 40(1):65–76, 2008.
28
[32] Bernardo Villarreal. Cosimplicial groups and spaces of homomorphisms. Algebraic & Geometric Topol-
ogy, 17(6):3519–3545, 2017.
Department of Physics and Astronomy, University of British Columbia, Vancouver BC
V6T 1Z4, Canada
E-mail address : okay@math.ubc.ca/okay@phas.ubc.ca
Department of Mathematics, University of British Columbia, Vancouver BC V6T 1Z2,
Canada
E-mail address : tbjw@math.ubc.ca
29
